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I Abstract. In this paper, we consider the spectrum of a model in quantum electrodynam- 

(-H ' ics with a spatial cutoff. It is proven that (1) the Hamiltonian is self-adjoint; (2) under the 

Qh' infrared regularity condition, the Hamiltonian has a unique ground state for sufficiently 

fH I small values of coupling constants. The spectral scattering theory is studied as well and 

' it is shown that asymptotic fields exist and the spectral gap is closed. 

1 Introduction 

I ■ 

^ . The present paper investigates the existence and uniqueness of the ground state of a model in quantum 

QQ I electrodynamics (QED) in the Coulomb gauge. QED has, of course, been studied so far from the 

'nI" ■ physical point of view. Nevertheless, it is interesting to investigate it purely from the mathematical 

^ . standpoint. Indeed it is not so well understood in mathematical rigor. 

^ I The first task is to realize the Hamiltonian of QED as a self-adjoint operator on an appropriate 

' Hilbert space, which means that the Hamiltonian generates a unique unitary time evolution. What 

O ■ we need to do mathematically is to specify conditions under which the Hamiltonian is a self-adjoint 

^ I operator. The second task is to study the spectral properties of the Hamiltonian defined as a self- 

' adjoint operator. The eigenvector associated with the bottom of the spectrum of a self-adjoint operator 

■ is called ground state if it exists. We are concerned with the ground states of our self-adjoint operator 



associated with a model in QED. Note that it is not trivial to show the existence and uniqueness of 
the ground state, since the ground state for zero coupling is embedded in the continuous spectrum 
and then the regular perturbation theory [22] does not work directly even for nonzero but sufficiently 
weak couplings. Nevertheless, we can give a sufficient condition such that the unique ground state 
exists. 

Before starting a rigorous discussion, we roughly review our model for readers' convenience. 
Informally, the standard Hamiltonian of QED in the Coulomb gauge without external potentials is 
given by 

H = H,,+H^^ + a ( w\x)a^xif{x)A,{x)dx + a' I tMipilMlilldxdy, (1) 
Jr3 7r3xr3 |x-y| 

where a £ R denotes the coupling constant, xj/ the Dirac field, Aj the quantized radiation field, a^, 
j = 1,2,3, 4 X 4 Dirac matrices satisfying canonical anticommutation relations, and //gi and //ph the 
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kinetic term of the Dirac field and the photon field, respectively. Here, ultraviolet cutoffs Xph and Xei 
are imposed on and i/A, respectively. All the definitions are given rigorously in Section 2. The first 
two terms on the right-hand side of ([U, 

^el+^ph, (2) 

describe the zero coupling Hamiltonian which is a well defined nonnegative self-adjoint operator on 
the tensor product of a Fermion Fock space and a Boson Fock space, 9"qed> and the bare vacuum 
of 9"qed is its unique ground state. While the third term describes the minimal coupling between 
the Dirac field and the quantized radiation field, the last term is derived from the Coulomb gauge 
condition. 

Although ([T]) is a standard Hamiltonian in QED in the Coulomb gauge, it is not clear if H with 
a / is well defined and can be realized as a self-adjoint operator bounded from below. One of the 
simplest ways to realize // as a well defined self-adjoint operator is to introduce a real spatial cutoff 
function x, and thus, we define the spatial cutoff Hamiltonian by replacing the Dirac field Y with XY- 
Namely our Hamiltonian turns out to be of the form 



JR3 



jR3xR3 |x-y| 



(4) 



Suppose that x satisfies that 

/ \x(x)\dx<oo and / lz(x)z(y)l 
yR3'^^ ^' 7r3xR3 |x-y| 

By virtue of ^ it can be seen that the interaction term in ([3]l is a well defined symmetric operator and 
moreover is a self-adjoint operator bounded from below for all a & R. is the main object in 
this paper. 

Next, we study the spectral properties of H^^. 

{Translation invariance) Since H has no external potential, it is translation-invariant, i.e., H is invari- 
ant under transformation 

Y{x) V^(x + a) , Aj{x)^ Aj (x + a) 

for arbitrary a E R^. It is crucial, however, that the spatial cutoff breaks this translation invariance. 
Thus, the cutoff could be regarded as an external potential. 
(Ground state) In addition to ^ supposing integrability: 



/ |x||;i:(x)|Jx<oo, 

JR3 



(5) 



we can show that H^, has a unique ground state for a sufficiently small coupling constant under the 
infrared regularity condition : 

IZph(k)P 

aK<o°, (6) 



/r3 a)(k)3 

where 0){k) = \k\ denotes the dispersion relation of photons. 
(Total charge) Let 



Q = N+-N^ (7) 
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be the total charge of the Dirac field, where N+ (resp. N-) denotes the number operator for electrons 
(resp. positron). Since i//^^ (x) i/a(x) leaves the total charge invariant for each x € R^; e"QH),e^"^ —^X' 
leaves the total charge invariant. Then, ^Fqed is decomposed with respect to the spectrum of the 
total charge as 

^QED = 05'z. (8) 

It can be shown that the unique ground state of Hj^ belongs to 9"o, i.e., the total charge of the ground 
state is zero. 

Finally, we also establish that Hjf^ has no spectral gap, i.e., the gap between the bottom of the 
spectrum and that of the continuum is closed. This is established by constructing asymptotic fields. 
The main roles of the spatial cutoff are: 

(1) it ensures well defined self-adjointness of the Hamiltonian; 

(2) it leaves the total charge invariant; 

(3) it breaks translation invariance and serves as an external potential. 

The spectral analysis of this kind of system has been developed in the last decade, and many results 
have been obtained. In particular, this paper is inspired by Arai-Hirokawa [4], where generalized 
spin-boson (GSB) models are studied. Dimassi-Guillot ifTTI and Barbaroux-Dimassi-Guillot HI also 
study QED, in which the Hamiltonian has an external potential. In [11], |8| the self-adjointness of 
the Hamiltonian, and the existence and uniqueness of the ground state are established under certain 
conditions. Furthermore, Bach-Frohlich-Sigal [7], Sphon [26J, Gerard [,13,1 . and Grisemer-Lieb-Loss 
ifTSl and references therein discuss related models. 

Finally, we provide several technical comments comparing with the GSB models studied in lH. 

(Existence of the ground state) In order to prove the existence of the ground state, we use the 
momentum lattice approximation. References Q, iflQl prove the existence of the ground 
state by combining the spatial localization of nonrelativistic electrons and the momentum 
lattice approximation. In our case, the spatial localization is converted into the assumption 
/r3 |x|z(x)<ix < oo. Note that the interaction terms in GSB models are of the simple form 
Y!j=iAj ^ B j. Thus, the localization argument is not needed in GSB models. 

(Uniqueness of the ground state) The physically realistic dispersion relation is ft)(k) = |k| . Namely, 
photons are massless. Thus, in showing the uniqueness of the ground state, the min-max prin- 
ciple applied in ||4J for massive boson is not applicable. Instead, we apply the strategy given in 

m. 

(Non-compact resolvent) In fT], the fermion term of the zero coupling Hamiltonian is assumed to 
have a compact resolvent. In our case, however, //gi has no compact resolvent since CT(//ei) = 
{0} U [m,oo). So, we apply the strategy given in Q, |[T8l . |[T9l for nonrelativistic QED. 

(Asymptotic fields) In |[2TI . the asymptotic field is constructed for massive cases. However, since 
we have to cover massless cases, we construct it through the stationary phase method discussed 

in m, mi. 
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This paper is organized as follows: Section 1 is devoted to defining the Hamiltonian with spatial 
cutoffs, which is a slight generalization of Hj^ mentioned above, and stating the main results. In 
Section 2, we prove that for sufficiently small values of the coupling constant, a unique ground state 
of the Hamiltonian exists under the infrared regularity condition. In section 3, the spectral scattering 
theory is considered and it is shown that the spectral gap is closed. Section 4 proves that the total 
charge of the ground state is zero. 



1.1 Boson Fock Spaces and Fermion Fock spaces 

Let X and y be Hilbert spaces over C. We denote by (8)"X the n-fold symmetric tensor product of X 
and by the n-fold anti-symmetric tensor product of y. The boson Fock space over X is defined 
by 

9^b(X) := ©r.o(^^:X) := |»P = {^P^jr^o | "^^"^ e ^^X, £ H^F^f^^x < -| , 
and the fermion Fock space over y by 

:?f(y) := ©r=o(®ay) := ^ = {*^'^"^}:=o I e ®«y , £ 11*^"^ ll^-y < °°| • 

yb(X) is the Hilbert space with the inner product (<I>,T) = i:^=o(*J*^"^ *i'*"^)®«x, and also Jf(y) is 
the Hilbert space with the same inner product. In this paper, the inner product {g,f)x of Hilbert 
space % is linear in / and anti-linear in g. Let Sn ■ ©"X ©"X and A„ : ©"V — (g)"^ be orthogonal 
projections. For <^ G X, the creation operator A*{^) on 3^b(X) is defined by 

(A*(0*)W = V^5„+i(^®'I'W), n>l, 

and (A*(^)^)(°) = 0, while the creation operator B*{r]) on ?'f(y) is defined by 

(B*(t7)»P)W = Vm^A„+i(t]®»fW), n>l, 

and (B*(t7)*F)*^'^) =0. The annihilation operators A(<§) and B{ri) are defined by the adjoint operators 
of A*(^) and S*(t7) , respectively. Let = {1,0,- • • } G J'bix) and = {1,0, • • • } G ^'ffy). We 
denote the boson-finite particle subspace over M C X by 

JS"(M) = £{A*(^i) • • •A*(^„)nb, I G M,; = 1, • • • ,n, n G N}, 

and the fermion-finite particle subspace over N C V by 

= /:{B*(7]i) • • •s*(7]„)nf, Hf \r]j ey^,j = i,--- « g n}. 

For simplicity, we call ?b"(X) the finite particle subspace. The domain of A*(^) is given by 

oo 

D(A*(^)) = {^ = {^pWj^^o e ^ ||(A*(^)»I')W |||„:, < oo}. 

n=0 

It is seen that the domains of A* (i§ ) and A(i§ ') include the finite particle subspace, and leave it invari- 
ant. They satisfy the canonical commutation relations on the finite particle space: 

[A(^),A*(^')] = (^,^')x, [A(^),A(§')] = [A*(^),A*(^')] =0, 
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where [A,S] =AB-BA. On the other hand, S*(t]) andB(j]') are bounded on 5'f(y), and satisfy the 
canonical anti-commutation relations on 3^f(y): 

{B{l^),B*{l^')} = {B{n),B{n')} = {B*{l^),B*{l^')} = o, 

where {A,B} =AB+BA. 

Let X be an operator on X The second quantization operator dr\,{X) on 3^b{X) is defined by 

In the same way as dr],{X), we define dTfiY) on y for an operator Y . 
1.2 Radiation Fields 

In this paper, we consider the photon field quantized in the Coulomb gauge. 
Let 

V = ^b(^'(R';C2)), 

and er(k) = (er(k))y^i, r = 1,2, be the polarization vector satisfying 

e,-(k) •e/(k) = 5^,./, k-er(k), a.e. keR^. (10) 

For / G l2(r3), let a\{f) =A*{{f,0)) and a^(/) =A*((0,/)). Then, ar{f) and a*(g) satisfy the 
canonical commutation relations: 

[ar{f),a*>is)] = Sry{f,g), 
[ar{f),aA8)] = [a:{f),a*A8)]=0, 

on the finite particle subspace. The energy of a photon with momentum k G is given by 

co(k) = |k|. (11) 

The free Hamiltonian of the photon field is defined by 

Hpi,=dn{G}). (12) 

Let 

fU^) = ^=i=' (13) 

V2(2;r)3£()(k) 

where er,x(k) = ei{k)e~'^'^. The quantized radiation field is defined by 

Aj{^)= L i<fi.)+<ifi.))- (14) 

r=l,2 

We assume the following conditions. 
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(A.l) (Ultraviolet cutoff for the photon field) 



R3 



Zph(k) 



dk < oo and 





Zph(k) 




co(k) 



dk < oo. 



Let / G D(co-i/2). It is seen that ar{f) and are relatively bounded with respect to H^^^, i.e., 
for1'eD(77;f), 



IK(/m<||4;llKh'*i'll' 



ft) 

|K(/)»F||< 11-^11 

1/2 

Then Ay(x) is also relatively bounded with respect to H^^^ 

fph ||irl/2 



where mP*^. ^ 



^2(2^ 



r=l,2 



for A: = 1,2, r = 1,2 and 7 = 1,2,3. 



(15) 
(16) 

(17) 



1.3 Dirac Fields 

Next, we define the Dirac field. Let 

The energy of an electron with momentum p is given by 

Em{p) = \/M2 + p2, M > 0, 

where M denotes the mass of an electron and we fix it. The free Hamiltonian of the Dirac field is 
defined by 

Ha = drf{EM), (18) 

Let 

/i£,(p) = a-p + j3M, s{p)=s-p, 
where a^, j = 1,2,3 and j3 be the 4 x 4 matrix satisfying the canonical anti-commutation relation: 

{aJ,a'}=2dj,i, {aj,l5} = 0, 15^ = 1, (19) 

and s = {sj)^j^i denotes the angular momentum of spin. Throughout this paper, we fix them. The 

spinors Us{p) = (m^(p))/Li describe the positive energy part with spin s and Vs{p) = (vj(p))f^i the 
negative energy part with spin s, s = ±1/2 : 

/Jd(p)m^(p) = EMip)us{p), s{p)us{p) = -$|p|m,(p), 
hD{p)vs{p) = -Em{p)vs{p), s{p)vs{p) = J|p|v,(p). 
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These form an orthogonal base of 



Us{l?yUT:{p') = V,(p)*Vt:(p') = 5,,-!:\/^m(p)\/£m(p')! W*(p)*Vt(p') = V^(p)*Mt:(p') = 0. 

Moreover, the completeness condition is satisfied 

I fe(p)«f(p)*+vi(p)vf(p)*)=5,,,. 

^=±1/2 

Let us set the creation operators by 

=B*C(/,o,o,o)), r i/2(/) =fi*C(o,/,o,o)), 

dl/iif) =S*C(0,0,/,0)), d*_,/2if) =s*C(o,o,o,/)), 

for / G L^(R^). Then, the creation and annihilation operators satisfy the CAR: 

{b,if),b*ig)} = {d,{f),d*{g)} = 
{bs{f)M8)} = {d.{f)M8)}=0, 
{bs{f)M8)} = {bs{f),d*{g)} = 0. 



Let 



gix(P) 



^el(p)v'(P) 



V(2;r)3£M(p)' 

where M^,,(p) = M^(p)e-*-^ and v^,,(p) = v^^(-p)e-'P-''. 
The field operator for electron is defined by 

We assume the following conditions. 

(A.2) (Ultraviolet cutoff for the Dirac field) 



V(2;r)3£M(p)' 



Zel(p) 



dp < 



V^m(p) 

It is seen that bs{f ) and are bounded with = = 

II VA/ (x) II <Mf', / = l,---,4, 



(20) 



(21) 



Then, we can see that 



(22) 



where Mf = Zs=±i/2 ( 



+ 
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1.4 Total Hamiltonian 

The total Hilbert space is defined by 

9"qed = 9"ei (^fifph, (23) 
and tlie decoupled Hamiltonian on SFqed by 

^0=^el®/ + /®^ph. (24) 

In order to define the interaction, we introduce spatial cutoff functions Xi Xii satisfying the 
following properties. 

Jr3 Jr3xR3 |x-y| 

If Xii G L^/^(R^), it follows from the Hardy-Littlewood-Sobolev inequahty (1231; 4.3 Theorem) that 

[ l;^ii(x)zii(y)l , , . . 11^ ii2 

/ , , <ix<iy < const. ^6/5. 

Jr3xR3 x-y ^' 



/r3xR3 |x-y 

1 12 

Let ^ ^Ti{l®H^l ). Then, we can define the functional l^i : 3"qed ^ C by 

^^{^)=Y. / Zi(x)(v^*(x)aV(x)0AXx)»P,<I>)s-,,^Jx. 
Since ||Ay (x)*P|| and ||va(x)|| are uniformly bounded with respect to x by ([TT] ) and 

\i^'m < (Liii(/®//pf +Ri\\n) \m (25) 

follows, where 

^i = 2||Zi||li L \ali,\MfMfMfj^, (26) 

jJJ'.r 

Ri=\\Xi\\l^ I \ai,,\MfMfM\),.. (27) 

Here, we used < 0° in (A.3). By the Riesz representation theorem, there exists a unique vector 

Sip G S^QED such that 

£^,{<t>) = {Z^,,<t>) for all <I> G g"QED- 
Let us define H{ : 3"qed S^qed by 

/// : »P I — > Evp. (28) 

It is seen from (1251 ) that 

<Li||(/®//pf (29) 
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We may denote /// formally by 

Hi= I Xi{x)\if*{ii)a^\if{x)®Aj{x)dx. 

JR3 



In the similar as H[, let us define the functional qy^i : 3"qed ^ C by 
Jr3xR3 X — y 



It is seen that by (A.3) 



\q^>m < l^MuY^iMfMffj \\n\m, oo) 

where Mu := /rs^rs ^^"'' | x-^' | ^^^^ dxdy. Then by the Riesz representation theorem, there exists a unique 
vector Tip e Jqed such that 

q^>{^) = C^^v,^) for all O G 3"qed- 

Then we can define by 

Hi,:^'^T^. (31) 

By (l30l) . it is seen that //n is bounded with 

Kill <Mn£(Mf'M^')2. (32) 
l,v 

We may also denote ///j formally by 

^11= /, ^n(x);yil(y) y*(^)y(^)y*(y)y(y) ^;^^^y. 

jr3xr3 |x-y| 
Now let us define the total Hamiltonian under consideration by 

H = Ho + H'{Ki,Ku), (33) 

where 

H'{Ki, K-ii) = KiHl + K-ii//i'i, k:i, ktii G R. (34) 
Lemma 1.1 (Self-adjointness) 

Assume that (A.1)-(A.3) hold. Then, H is self-adjoint on Ti{Hq). Moreover, H is essentially self- 
adjoint on any core ofHo and bounded from below. 

Remark 1.1 By the previous lemma, it can be seen that H is essentially self-adjoint on 

Do := 3ff (2)(£m))^9^:(D(«)), (35) 
where ® denotes the algebraic tensor product. 
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Next let us consider the spectrum of H^i and //ph. It is well known that a(//ei) = {0} U [M,oo), 
a(//ph) = [0,oo) and ap{H^i) = ap(//ph) = {0}. Then, the spectrum of //q = //ei iX) / + / (8) //ph is 
o{Hq) = [0,oo) and the point spectrum is Op{Hq) = {0}. It is also seen that HqQ.q = 0, where 
= ^^ei ® ^^ph- Since the ground state energy of Hq is embedded in [0,°°), it is not trivial to see 
that H has the ground state for nonzero Kj and 

To prove the existence of the ground state of H, we introduce following assumptions. 
(A.4) It holds that ;cph G LL(R^)- 

(A.5) It holds that 

|x||;i::i(x)|jx < oo. 



R3 



(A.6) (Infrared regularity condition) 

It holds that ^ 

;i:ph(k) 



i/k, j = 1,2,3, r= 1,2. 



Theorem 1.2 (Existence of ground state) 

Assume that (A.1)-(A.6) hold. Then for sufficiently small |K/| and |K//|, H has a ground state. 



Next let us investigate the multiplicity of the ground states. In order to show the uniqueness of the 
ground state and the existence of the asymptotic field, we make a stronger assumption than (A.4). 

(A.7) There exists a closed set Oph C with the zero Lebesgue measure such that 
;i:ph G C~(R3\0ph) and 4 G C°°(R^Oph), j = 1,2,3, r= 1,2. 

Proposition 1.3 (Uniqueness of ground state) 

Assume (A.1)-(A.7). Then, for sufficiently small |k"/| and \ Ku\, dimker {H — Eq{H)) = 1. 

In addition, we investigate the spectral scattering theory. Let us assume the following condition. 
(A.8) There exists a closed set Oei C R^ with the Lebesgue measure zero such that 

XeU Us, v,GC-(R3\(9ei), ^ = ±1/2. (36) 

Example : 

Let us take the standard representation 

j f oJ \ „ / / 
' ^= / 
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where = 
the spin is s 

Mp) = 



1 



1 
a 
a 

1 



-i 



and a 



1 



. Then, the angular momentum of 



i J \0 -I 

. Let us set O = {p = {pi,p2,P3) I Pi ^ or p2^0} and 



Pi-ipi 

\/2|pl(lpl-P3) \p?, - IpI 
'1 



0-(p) = < 



- IPI 

\/2|p|(|p|-P3) V/'l + i>2 

^0 



Let X± (p) = ^J\±EM{v)^^ ■ Then it is seen that 



„ _ M+(P)0±(P) A „ /„x _ /^T^-(P)0±(P; 



±A+(p)(/)±(p; 



Then m±„ u±, G C~(R^\0). 



p^O, 
pG O 



Theorem 1.4 (Asymptotic photon fields) 

Suppose (A.1)-(A.3),(A.6) and (A.7). Let t, £ D{(0^^/^). Then for *P G T>{H), the asymptotic field 
aj±„(^ )»F := 5 - lim f>'^^e-''^o (/ ® 4{£,))e''"^e-''"'i> , 



exists. 



Theorem 1.5 (Asymptotic Dime fields) 

Suppose (A.1)-(A.3) and (A.8). Let T], G L^(R^). Then, the asymptotic fields 
bUUri)-=s- lim e''"e-''"' {bl{r^) I)e""'e-''" , 

4±oo(0:=^- Hm e""e-""'>{dUQ^I)e""°e-"" 

By using the asymptotic fields, we can obtain the following theorem. 

Theorem 1.6 (Absence of spectral gap) 

Suppose that (A.1)-(A.8) hold Then o{H) = [Eq{H),oo). 

Finally, we consider the total charge of the ground state. The number operators of the electron 
and the positron 

A^+ = ^/rfC(i, 1,0,0)), A^_ = jrfC(o,o,i,i)), o?) 

respectively, and the total charge 

Q = N+-N-. (38) 

Since y* (x) V^(x) leaves the total charge invariant [y* (x) V^(x) ,Q] =0, it is proven in Lemma |4!2] that 
H also leaves the total charge invariant e"^®^He^"^®^ = H. Then, 3~qed is decomposed with respect 
to the spectrum of the total charge as 

?'qed = 03-,. (39) 
We will prove that the total charge of the ground state is zero. 



11 



Theorem 1.7 (Total charge of ground state) 

Assume (A.1)-(A.6). Let be the ground state of H. Then for sufficiently small |k/| and |k//|, 
G 3-0. 

2 Ground States 

2.1 Self-adjointness 

It is noted that, by the spectral decomposition theorem, for all £ > 0, there exists a positive number 
ce > such that for all »F e ©(//ph), 

\\Hii^n<£\\H^\.n+ce\m- (40) 

(Proof of Lemmal.l) 

By (Uni) and we see that for »P G I>(//o), 

< eU\\H^^>\\ + {c,U + Ri)n. (41) 

From (I32]l and (gB, it follows that for ^> G ©(//q), 

||//'(jCi,K-n)»P|| <£|K-i|Li||//o*I'|| + (|K-i|(c,Li + /?i) + K-n|K||)||»P||. (42) 

Let us take £ > such as £|k7|L/ < 1. Then the Kato-Rellich theorem reveals that H is self-adjoint 
on D{Ho), essentially self-adjoint on any core of Hq, and bounded from below. ■ 

2.2 Existence of Ground State 

To prove the existence of a ground state of H, we introduce some Hamiltonians approximating H. 
For m > 0, let a)m(k) = (o{k) +m and Hph{m) = dr\,{(0,n). Let 

H{m) = Hoim)+H'iKi,Ku), (43) 

where Ho{m) =Hf.i0l + l0 Hp^ (m) . 

In order to prove the existence of a ground state of H{m), we apply the momentum lattice approxi- 
mation (e.g. a, Q, lH, im, im , inn, Ha ). For y > O and L > 0, we set 

7.71 27r 

= — = {q= {qi,q2,q3)\qj = — "y, nj G Z, 7 = 1,2,3}, 

71 

ry,L = {q = {qi,q2,q3) e Ty | \qj\ + y <l, ; = i,2,3}, 

and S^ph.y = 9-b(^^(ry) ©^^(Fy)). We can identify ff'ph.y with a closed subspace of S^ph. For a lattice 
point q G Fy, we set C^y = lfj=i [qj - v,qj + f) C 

Let 

c^,y(k)= £ (o^(q);^c,.(k), (^J'^'^'W = L /i(q);^c,v(k), 
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where Xc^y is the characteristic function on Cq^y- In addition let us set (/;(x)^(k) = ;i;z,(k)(/;^x)(k) 
for Xl{^) = X[-L,L\ {h)X[-L,L\ {k2)X[-L,L\ (%)• Let S'v = S'ei <8> S'ph.y. We introduce the operators 

Hoy {m)=Hei®I+I® H^'ty {m) , 

where 7/ph,y(m) = dT^{(Omy), and 

^Ly = LJ^, Xi{^) (V'*(x)a>(x) ® a)'^(x)) Jx, 
^i'l = E_^3 W (V'*(x)aV(x) ® A^(x)) dx, 

whereAj'^(x)= £ (^.((/^(x)^'^) +a*((yi!x)^'^)) , A}(x) = I (ariifi.^) +a;{{fi.)^)) . 

■' r=l,2 ^ ^ r=l,2 ^ >^ 

Let us set 

Hiy (m) = Hoy (m) + K-j/Z^^ y + KiiH[^ (44) 
^L(m) = //o(m) + m[,L + K-ii^i- (45) 

In similar fashion to the proof of Lemma 1 . 1 , it can be proven that Hi^y (m) and Hi^{m) are self-adjoint, 
and essentially self-adjoint on any core of Hoy and HQ{m), respectively. In particular Hiy{m) is 
essentially self-adjoint on D'^y := 3^f{T){EM))®3^l{T>{(0,ny)), and //z.(m) on := 3^^{d\em)) 
® :^S(2)(a^)). 

Lemma 2.1 Assume (A.1)-(A.3). Then 

£o(^)<|k//III^;/II (46) 

holds, where Eq{H) = inf c{H). 

(Proof) Let I'ei e ©(^ei) and H'l'ei II = 1. For I* = I'ei <^ £^ph, 

(»F,//»F) = (»Fel,//el*i'el) + Kil(*I'el,^;/*i'el) < (»Fel,//el*I'el) + | ^ill ll^nll • 

Here we used that (ilph,//phi^ph) = and (aph,Ay(x)aph) = 0. Then, Eq{H) < + 
\kii\ \\H^\\ , and hence Eo{H) < Eo{Hsi) + jjcnj \\H{^\\ = \ku\ \\H^\\- ■ 

Lemma 2.2 Assume (A.1)-(A.3). Then 

(1) Hi y{m) is reduced by Hy, 

(2) For sufficiently small m, \kj\ and |k//|, Hiy{fn) has a purely discrete spectrum in [£'o(//l,v 

EQ{Hiy(m))+m). 

(Proof) (1) Let ^> = »Pei®%h G Ky with %h = a*^ (/i) • • •a*_(/„)ilph, fj G 2)(«^.y), J = 1, • • • 
Let qv : L^(R-') — > ^^(Fy) and Qy : ifph ffphjV be the orthogonal projections. It is seen that 

HQy{m){I®Qvyi> = (7® Qv)Hoy{m)^. (47) 
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Since qvXc^^ v — Xc^ v > ^1^° "^^at, by the definition of Aj ' (x) , 

evAj'^(x)»Pph=A^'^(x)Gv»Fph, (48) 

follows. Then, for O G 3", 

(<!>,(/ ®(2v)//{iy»F)=£ / Zi{^){^,ri^)ccW{^)^{QvAf{xmdx 

j 

= I f^Xii^){^, v^*(x)«V(x) ® iAfix)Qvmdx 

Hence, we have (/ Gy)///^ y*F = H[^y{l® Qv^V for »P G DJ^y . It is trivial to see that 
(/ ® Qv = //I'l (/ ® Qv)"^ for G ■ Then 

{I^Qv)HL,v{m)=HL,v{m){l0Qv), (49) 

on Doy. Since V'^y is a core of Hty{m), we can extend (091) for all *F G !D(//o,v(m)). Therefore, 
Hiy{m) is reduced by 3"y. 

(2) By ( |29l ). there exist c,„,Ly > and dm.Ly > such that 

\{W,HLy{mm - {^',Hoy{mm\ <Kic,n,Ly{'i' J ®H^by{m)^<) 

+ {Kid^,Ly + ni\\ll[MM?- 

Therefore, it can be seen that 

H^i®I+{\- KiCmxy )/ ® Hphy (m) - ( Kidm^ty + I l^ii 1 1 ) < ^L,y (m) , (50) 

^L,y('«) < //el®/+ (1 + K-iC,„xy)/®//phy(m) + (K:it/„,,Ly + K'upllll). (51) 

where A < B denotes that (/,A/) < for / G D(A) n D(B). Let 

Xtyim) := HLy{m) - Eo{HLy{m)) - m. 

We shall show that X/, y (m) has a purely discrete spectrum in [— m, 0) , and hence Hiy {m) has a purely 
discrete spectrum in [Eo{Hiy {m)) , Eo{HLy{m)) + m). By (l46l) and (l50l) . we see that 

^L.yl'w) 

> //el ®/ + /® {(1 - K:iC™,L,v)^ph,vH - {^\dm,Ly + K"ll||^Illl + £o(^m,L,y) + "^)} 

>//ei®/ + /0{(l - KiCn,,Ly )^ph,y (/w) " ( Kid,n,Ly + 2 JCn | |//i'i 1 1 + m) } . (52) 

It is noted that / = Eh^^{[0,M)) + Eh^^{\M ,oo)) and //ei > M£'//_^,([M,oo)), where Eh^^ is the spectral 
projection of //ei. Let Kj, K\\ and m be small such that —{Kidmxy + 2K"n||//j'j|| +m) +M > 0. Then 
we have X^.y (m) > SLy{m), where 

SLy{m) = £//^,([0,M)) O {(1 - K-iCm,L,y )^ph,y H - (K-i4,_L,y +2k-ii||//i'i|| +m)}. 
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Let {e^ll^io ^'^'i {^n }^^0'^± — '^'^^ '^oi^Pl^'^^ orthonormal systems of 3"+ :=£'x^^,(„)([0.oo))g"QEi5 
and := £'xiv(m)((~°°'^])^QED > respectively. For a self-adjoint operator X, we set 

X+ = £x([0,oo))X£x([0,oo)), X- = ,0])X£x((— ,0]), 

where Ex is the spectral projection of X. Then we have 

0>i:rXty{m)\j_>Y^{e;,,SLy{m)e^) > £ (f'^,5z.,y H^f',;) . (53) 

Here we used Siyim) = (m)+ + 5L,v(m)^ and SL.v{m)^ > 0. Since f'//^, > 0, we see that 
Styimr = EHa{[^,M)) ((1 - Kic,n,L,v)Hph,v{m) - {Kidni,Ly + 2kii\\H{j\\ +m)y . 

Then it follows from (1531 ) that 

\Tr{HLyim)-EoiHL.yim))-m)\ 

< TrEH,,{[0,M)) X |Tr ((1 - Kc^,Ly)Hpb,v{m) - {Kid,„,Ly + 2kii\\H{^\\ + m))' \ < oo. 
Hence XLy{m) has a purely discrete spectrum in [— m,0). 

Let Mv = f{rv)ef{rv). We can decompose Jph as 3~ph ~ e^^g (9"ph,v ® ((^^'Mjl^)), and hence 
ff-QED ~ where 3",^ = e^^i (^^v «> {^"^v)) ■ For « > 1, 

Hence, Hiyt^ > £'//ov + ■ 

■' V 

Lemma 2.3 A^^M/ne (A.l )-(A.5). For sufficiently large L, there exist constants ai {m) > andb\ {m) > 
independent ofL such that 

\\Ho{m)^>\\<a,{m)\\HL{m)^>\\+bi{m)n ^£D{Hoim)). (54) 

(Proof) Let ^ G D(//o). It is seen that 

\\Ho{mM = WHlH^' - {KiHi^m) + KiH{,)n 

< \\HL{m)n+M\HiLn+\m\\\HMn- 

Note that 

and lim^^. II^^S^ II = 11^11 and lim^^ II^^J^^II = ll^ll- Hence, for sufficiently large 
L, ||Ay (x)*F|| is bounded uniformly in L. By (l40l ). it is seen that for all £ > 0, there exists a constant 
Ce such that \\H'j i^'^W < £||//o(nj)*I'|| +Ce||*I'||. Hence, we have 



|//o(mm < yl^||//L(m)»F|| + ^±^^m, 



and the proof is completed. 
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Lemma 2.4 Assume (A.1)-(A.5). For a// z G C \ R, it follows that 

lim \\(HL.v{m)-z)-'-{HLH-zr'\\=0, 

y — 5-00 

lim \\{HLim)-z)-^-iH{m)-z)-^\\ =0. 

L — >oo 

(Proof) 

We see that 

(//L,yH - (HlH-z)-^ = (//L^y(m) (//ph(m) -//ph,y(m)))(//z.(m) - 

+ K,{HLy{m)-z)-HHiL-HlL,v){HL{m)-z)-'. 

Let Cv{m) = V^{^f + Then, it is seen ([4] ; Lemma 3.1) that for »P G ©(//phH), 
hence, we obtain 

2C (ifi) 

11(70 (//ph(m) -//ph,v(m)))(//i(m) < ^^—^^ 
as V ^ oo. The second term on the right-hand side of (l57l) can be estimated as 

\\{HiL-HiL,v)iHL{m)-zr'n 
< ^ |a/, I MfMf / |Zi(x)|||/0 (a^(x) -Af (x)) (//.(m) -z)-'»P||Jx. 



(55) 
(56) 



(57) 



By and (O we see that for S G Ii(//ph(m)i/2) 



||(A^(x)-Af (x))E||< 



77^ Ttt Tt^ — >Hphim) ' i 

/O),,, ^y(0 JCOv 



+ 



/ft) VftV / 

Hence, in order to prove limy^oo — //i'^y)(//L(m) — z)^' || = 0, it is enough to show that 

I (Zph^r.x) (Zph^r.x) 



lim 

V 



(0 



my 



-||Jx =0. 



(58) 



It is seen that. 



I (Zph^r.x)^ (Zph^nx)^'^ ||2 ^ 2 



O) 



Zph(k)e/(k) 

qer.x 



V«(q) 



+ 2 



qerv 
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By the inequality 1^'"*" — e"^'^\ < |x| |k — q|, we obtain 



(0 



where 



X, 



L,V 



yJ _ 9 



Zph(k)^'/(k) 



Hence, we have 

IZi(x) 



dx< ||Zi|Il'V^v'+ / |x|Zi(x)|WF^"'^. 



Here, we used the assumption /^s |x|;^i(x)|(ix < oo of (A.6). Then, by the Lebesgue dominated 
convergence, we see that ^ ^ and 7/ ^ ^ as V ^ oo. Then (1581 ) is obtained, and hence (1551 ) 
follows. We can prove (l56l ) similarly to (l55l by using Lemma 1231 ■ 

Proposition 2.5 

Assume (A.l)- (A.5). Then H{m) has a purely discrete spectrum in [Eq{H {m)) , Eq{H {m)) + m). In 
particular H{m) has a ground state. 

(Proof) By Lemma l2!2l Hiy{m) has a purely discrete spectrum in [£'o(//L.y (?«)), EQ{Hiy{m)) + 
m). In addition, Hiy{m) converges to Hi{m) in the norm resolvent sense as V oo by Lemma 
12.41 Hence, by the general theorem ( 1251 ; Lemma 4.6), Hiim) has a purely discrete spectrum in 
[EQ{Hi{m)) ,EQ{Hi{m)) + m). It is also seen that Hi{m) converges to H in the norm resolvent sense 
as L oo by Lemma l2!4l Hence, H{m) has a purely discrete spectrum in [Eo{H{m)),Eo{H{m)) +m) 
by the same theorem ( ll25l ; Lemma 4.6). ■ 



By proposition \2.5\ H(m) has a ground state ^F^: 

H{m)^',„=Eo{H{m))^'„ 



The number operator of 3^],{L?'{'R^;C^)) is defined by 

Nph = dmi). 
Lemma 2.6 Suppose that (A.l) -(A.6). Then 



jJJ' 



jj,l',r 



Xphel 



V2(27r)3w> 



1^ 



(59) 
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(Proof) Since (O,,, > 0, 1){Hpb{m)) C 'D(A'ph) follows. Hence we see that G 'D{l0Nph)- Let 

r^Jif) = -ma.icof) -kJ zi(x)(/, |g!^ )(y*(x)«V(x) ®/)c/x. 



(60) 



By the commutation relation of // and ar{f), we see that for all G Do, {I®ar{f)^m, {H — Eq{H (m)))^) 
{T'^^iD^n,, <J>)- Hence, I(E)ar{f)^E G I"!^*) = and 



{H-Eo{H{m)))l0ar{f)'¥„, = T'-'j{f)W„ 



(61) 



follow. Then by (EB, 



< (/ a, if)^m ,{H{m)-EQ (H (m) ) ) (/ a, (/) )»P„ 
= -(/®a,(/)»P,„, /®a,(w„,/)^;„) 



-K-i£/ ;ti(x)(/,-§p^)(/®a,(/)»F^,(i/^*(x)aV(x)C$/)*P^)c?x. (62) 

Let {gk}'k=i be a complete orthonormal system of L^(R^) such that G ©(ft),!/^) ,^ ^ 1. By (||4l; 
Lemma 4.2), it is seen that for all *F G V^I (^Hphim)), 



By (im, it follows that for N <oo, 

gk 



CO 

L L {J^ar{^)'i',i^a,{^gkm = \\i^Nil\f. 



k=\r=\.2 



(63) 



+ Zi(x)(/®«r(r7[''''')*I'm,(v^*(x)aV(x)®/)»I'M)^^x <0, 



R3 



(64) 



where r^^'^'" = -^(g,, ^=^^)g,. For G N, we define 



A^(x) := £;t7(x)(/®a,(T];'^''')»P,„,(i/^*(x)aV(x)®/)»I'„ 



7 = 1,2,3, 



and let 



^^'(x) :=;^i(x) \ l®ar{ 



V2(27r)3w> 

Since {gjtj^^i is a complete orthonormal system of L^(R^), we have 

Xphei 



)%n,{Y*(x)ajY{^)^I)'i'm , 7 = 1,2,3. 



lim 



N 

I 

k=\ 



0, 



18 



for each x. Then 

l4W-A^'(x) 



< |zi(x)(/® a,(£ 77^" - Jf'^\ )>F^,(y-(x)«V(x) (^mn 



N 



< 



Xphe: 



1 N^l^^,n 1 1 1 1 VA* (x) a V(x) I H 



as N ^oo. We have also see that 



Then limAr^oo/ga A^(x)(jfx = /g3 A^(x)Jx by the Lebesgue dominated convergence theorem. There- 
fore, by taking A/^ to oo in (|64l ). 

oo 



/t=lr=l,2 



+ K-i / Xl{^){I^ar{^4^=)^m, (l/A*(x)aV(x) ®/)»l'm)^/x < 0. 
2(271 ycO^^CO 



By (1631), 



3 
7=1 



r3 y/2{27iyco^(o 



)»P„„(i//*(x)aV(x)®/)»l'm)^/x 



V2(27r)3w> 



(/®A^;f)»F,„iin 



Thus, the proof is completed. ■ 
Let 

3-ei,5:=£//,,([0,5))Jei, 5>0. 
We define the orthogonal projections by 

Ps = EeAO, 5)), Pi^=I-Ps, Pci,, : ff-ph ^ ^{zHph I z G C}. 

It can be proven, in similar manner to Lemma 12.31 that there exist constants > and b2 > 
independent of m such that 

\\Ho{m)'¥\\<a2\\H{m)W\\+b2\\'¥\\, »F G (65) 

Lemma 2.7 Suppose (A.l) -(A.6). Let Kjj be sufficiently small such that \kjj\\\Hjj\\ < 5. Then for 
£ >0, 

\\(P^(^Pr. )^ \\ <\ltl±h]MlA\\Xi> II 

where Ve = £Li{a2EQ{H (m)) +^2) + CeLj + Rj and Cg /i' f/ze constant in d40D . 
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Remark 2.1 It is noted that Eo{H{m)) < 5 follows for sufficiently small Ku as \ Ku\ \\H'jj\\ < 5 by 
Lemma \2A\ 

(Proof) It is similar to ([4] ; Lemma 4.7). ■ 



(Proof of Theorem 1.2) 

By the general theorem (lH ; Lemma 4.9), it is enough to show that Ymim^QEQ{Hm) = Eq{H) and 
there exists a nonzero weak limit of *F„,. We see that Eo{H{m)) = (*Fm,//(/«)*I'm) = {^imH^'m) + 
m{^'m,1 0Nph^,n)- Then, we have liminf,„^o£'o(//(m)) > Eq{H). Since limm^oo \\H{m)^ — H^\\ = 
for *F G Do, it is seen that H{m) converges to // as m — > oo in the strong resolvent sense. Hence, 
limsup^^Q£'o(//(m)) < Eq{H). Thus, we see that lim,„_>o£'o(^('«)) = Eq{H). We next show that 
there exists a nonzero weak limit of We assume that \\^m\\ = 1 for all m > 0. Then, there 
exists a subsequence {^mj} such that *F := w — limy^oo*!',,,, exists. It is seen that ^Pq.^^, => 
/ — I(E)Nph — Pg^ Aiph follows. By this inequahty. Lemma |2^ and Lemma 12/7] yield that 



\^i\ L V 



j,IJ'\ 



Xpber 



2(27r)%2^.« 



K:i|Ve + |K-ii|||^nl 
5-Eo{H{mj)) 



Assume that |Kii| < 5 < M. Then, Ps Pcip,, is a finite rank operator, since G{Hei) 

{0} U [M,oo). Taking the limit of *F,„ as j —>^ °° in the above inequality, it follows that (*Po, (^5 ' 
Pijp^)*Po) > for sufficiently small Kj and Kji. Then *Po / 0, and the proof is completed. ■ 

2.3 Uniqueness of Ground States 

Lemma 2.8 Assume (A.7). Then, for t, G C"(R^), there exist Cjj > and Cj.j > such that 



Xphe 



^2(271)% 



< 



t(l+t) 



't(l+t) 



(Proof) It is seen that e '"^W = .^J-^^^-^e "^C'). Using integration by parts, we obtain 

f ^ Zph(k)g/(k^ ^,-(k.x-.^(k))^i, 
Jr' ^2(27r)3w(k) 

It Jr3 V^^V '■' y t jRi 

where Krj{k) = V«(^tWfiW _ since el G C~(R3\C>ph) and Xph G C~(R-^), it follows that 

j^^ph^'/ G C~(R3\0ph). Hence for ^ G C~(R3\{0}), K,-j, dk,K,-j GCo(RAOph). By (l2l;Theorem 
XI. 19), there exist cl, • > and .• > such that 



sup 

xeR3 



R3 



< 



, sup 



(k-X-f£B{k))^j^ 



< 



1+f' 
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and hence the proof is completed. ■ 
(Proof of Proposition 11.31 1 

Let »P G 'D{H) and ^ G C~(R3). Let us define the bihnear form [Z,F]° : X x X C by 
[X,F]°((/), = - {Y*(j),X\if)- Then, we see that 

[H\K,,Kn),I(S>a,{^)f{^,W) = K,l^l\xiix){^,^l^){<^,{r{xW^ 



^(k)(<i>,r(r,k)»pyk, 



where 



It is sufficient to show that H = Hq + H'{ki, Ku) and r(r,k) satisfy the assumptions (H.1)-(H.6) in the 
appendix with X = Xq + qX' and ^(rjk) replaced by H = Hq + H'{ki, Ku) and r(r,k), respectively. 
We immediately see that H = Hq + H'{ki, Kh) and r(r,k) satisfy (H.1)- (H.3) and (H.5). Then the 
remaining task is to show (H.4) and (H.6). Let *F, G Then we see that 

/ |(k)(<D,e-'^(^-^»(^)+'*'W)r(r,k)»F)Jk 

Then by Lemma [Z8l and (A.3), (A.6), we have 

|(k)(<I>, e-''(^-^°(^)+'"W)r(r, k), »F)t/k 
< £ |a^,|Mf'Mf;||<I>|| m {^\Mi\\l^^cI^\JA IZi(x)I^x) 



Hence, we obtain /r3 (k)(<I>,f'-''(^-^«(^)+'*'W)r(r,k),»P)t/k G L1([0,oo), Jf). It is also seen that 



and hence, /^j ||r(r,k)*P|p<ik < oo. Therefore, (H.4) follows. It is seen that for any ground state 
of//. 



\\{H-Eo{H) + co{k))-^nr,k)^',\\ < (^\x,\\o I l<l<<^==f) 11^.11- 
Hence (H.6) follows. ■ 



21 



3 Asymptotic fields 

3.1 Existence of asymptotic fields 

Let 

and 

where Xti =X or X*. 

It is proven, in a manner similar to that used in the proof of Lemma [231 that there exist ao>0,bo > 
such that 

\\Hon<ao\\Hn+bo\m- m 

(Proof of Theorem [Ll 

Let G Co (R^\Oph). We see that I (g) ar{^)e''"° = I (g) Urie-'""^). Let ^{t) = e-""^ and 
= e^""^ for <I>, »F e By the strong differentiability of e''"^' and e""°^' with respect to 

t, 

= £|-'^ii^3Zi(x)(e-''«^,/^ji2(<i>(o,(r(x)«V(x)®/m^^ 

By Lemma [Z8] and (A.6), 

< MmWn I KAMfMf} (^clj\\xi\y+clj |x||;^i(x)|Jx) j^^. (67) 

Hence \\ar,T{£,)^ - a,.T'i^)^\\ < const.//; j(T+r)dt 0, as T,T' oo. Thus, for ^ G C(7(R3\Oph), 
a,.oo{^)^ = s-limt^^arA^)^ exists for »F G V{H). Let / G I>(w-i/2)_ sj^ce C(7(R3\Oph) is a 
core of w"^/^, there exists a sequence {/„} C Cq (R^\Oph) such that ||/„ - f\\ 0, and ||g)"'/^/„ — 
W^^^VII ^ as n ^ 0. Then for t' < t, 

\\a,r{f)'i'-ar,Af)n <\\ar{e-'"'{f-fn))e-''"n + l^.r 1 1 

+ ||a,(^.-'''«(/-/„))^>-'''^»F||. (68) 

By O, (EQIi, and §6^, 

\\ar{e-''''if-fr,))e-'"n<\\^^\\{e^o\\Hn + {eh^ (69) 
asn^oo. Hence by \\arj{f)^ - ar/{f)^\\ ^ 0, as ^ oo. ■ 
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Lemma 3.1 Letrj, l^eL^{R^). Then 

[y!{x) W W, b,{T])] =-{T],g[,)Yi'{x), (70) 

[va;(x) w(x), d,{Q] = (c,<jv^;(x). (71) 

By Lemma [3m it follows that 

[VA*(x)aV(x),^,v(T])] = -£«/,.(T],gl,x) (72) 

[VA*(x)aV(x),^.(0] =I«//'(?,/^L) V^;(x), (73) 

[p(x)p(y), Z7,(T])] = -£((T],ggp(x)vA/(y) + (r],g,^_J VA/(x)p(y)) , (74) 

[p(x)p(y), J,(77)] =£((C,/^:.,y)p(x)vA;(y) + (C,/^i,J V^;(x)p(y)) . (75) 

(Proof of Lemma ISTB 

We see that by the anti-commutation relations 

[b:i8i,.)d:'ih'^',J, b,{7i)] = -{b:{gi,)Mr])}dM^,) = -(77,^)5,r 4(/^5,x), 
[ds{h',)bs'{gi>^.). b,m = -{dMAMv)}bA8's'..)=0, 

[dsihl)d*Ah';,A, ^t(t])] = -{dM,.)Mv)}dAh';, j=o. 

Hence, 

IyHx) w(x), ^.v(t])] = -iV,s[^J'£ibAg'yj+dAh';,J) = -(T],^i)w(x). 
Similarly, we can obtain 

[bMAdAh'i^j, dr{Q] = (c,/^::,x)4',A*(4), 

[b:{gU)bA8'i'.J, dr{Q] = [dMAbAA,.). ^r(C)] =0. 
Hence, [v^,* (x) va^x) , = (C,<x)W(x). ■ 

It is known by dHU; Theorem XI.15) that for T] e Cg (R^), there exist constants Vi{s) > and V/(5') > 
such that 

sup \{e'^"^dM < TTT^' K^'"'"^'<x)l^I < TTT^- ^^^^ 

xeR3 (1+0' X6R3 (1+0^' 

We also see from (|40l) and ([T71), that for £ > 0, 

||/0AXx)»F|| < l/(£)||//»F|| +/?/(£) (77) 
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where l/(£) = leaoL.Mf . ,., /?/(£) = Zri^^-M^jMo + Ce) +MP^ J. 
(Proof of Theorem [LU 

Let r\ G Co (R^\Oei). It is seen that e-""'' {b,{ri) (g) I)e""'> = b,{e-''^"ri) (g> I. Let = e-'^^'O and 
= for <t>,'¥£ D{H), respectively. As in the case of the photon fields, 

(<i>,v(^m-('f,Vo(^m 



To 

By (|72l), 

(79) 

We also see that by (T/Tl) . 

1(0(0, w(x)^AXx)»F(0)| <MP'||<I>||(l/(£)||//»F||+/?/(£)||»F||), 
and hence from (1761 ) 

\[Hi, bs{e-'^-n)(gif m),^>{t))\ < \K,\\m ^ \ai,,\v,Mf}iL(ie)\\Hn +Mmn)jT^-y^- 

' (^ + 'J ' 

(80) 

In addition, we see that by ( 1741 ). 

[///i, ft.(.-''^-r7) (<I>(0,*P(0) = ^^^^^^ {(.-''^"r7,4)(<I>(0,p(x)vA/(y) 0^0) 

77 , gl, J (0(0 , i/A, (x)p (y) /»F(0) } ^/xJy. 

By (jTTl), 

\{^{t),p{x)Yi{y)0ii'm<MfY,{Miy\m\\n m 

V 

follows. Then by (1761) . we have 

|[///[,^,(e-''^"T])®/]Vo(0,»F(0)| <2M„^£Mf'(M^')2||<i>y^ (TTo^- ^^^^ 

Thus, (gOl) and ([821) yield 

||V(^)^-^.v.r(r7)^|| <const.|J ^^^^^^^ ^ 0, 

as T, T' oo. Hence, we obtain the asymptotic fields 00(17) := — limf^oo^.s,r(T7)*P for 77 G C^(R^). 
Since Cq (R^) is dense in L^iR^) and ||^si(T7)|| < ||t7||, we can extend the asymptotic fields ^^^00(77) 
for 77 € L^(R^). The proof is thus completed. ■ 
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3.2 Basic Properties of the Asymptotic Fields 

Lemma 3.2 Assume (A.1)-(A.3), (A.5), (A.7) and(A.8). 

(1) Lef TJ, C G ^^(R^)- Then for »P G V{H), 

(<!>, ^,,±»(T])»F) = {bl^Um^'i'), i^, dsMQ"^) = idl±UQ^,'i')- 

(2) Let t, £ Then for »F € Ti{H), 

(<!>, a,±.(^)»F) = «±„(^)<I>,^). 

(Proof) 

It is seen that 

(<I>,Z,,,±„(T])»F) = lim {^Mnm = lim = {bl^^{t,)^,^). 

Hence we have (1). Similarly, we can prove (2). ■ 

Lemma 3.3 Assume that (A.1)-(A.3), (A.6), (A.7). Letrj, rj'^, C,' GL2(R^). It follows that, 

{^s,±~(r]),^y,±»(r]')} = 5,,.v'(r],r]'), 
K±.(0,<±„(C')} = 5.y(C,C'), 
{^,,±»o(77),fty,±«.(T7')} = {fi?.,±c»(0>'^v,±"(?')} = 0> 

{^s,±~(77),^.',±~(C')} = {V~(^)>4,±oc(?')} =0. 
(Proof) It is seen that for »F,<I> e Jqed 

Hence we obtain {bs,±<=o{j\\h*^, -|-oo(^')} = ^s.s'^^^^'\ Similarly, it can be proven in other cases. ■ 
Lemma 3.4 Assume {A.1)-{A3),{^-S) and {A.7). Let^, ^' £D{(O^I^), k = Then, onD{H), 

(1) = 4/(^,^0, 

(2) [a„^^{^),a,,M^')] = K±„(^),a:,±„(^')] =0. 

(Proof) It is similar to Lemma [331 ■ 

Lemma 3.5 Assume (A.1)-(A.3), (A.5), (A.7) and (A.8). 

(1) Letri,i; eL^{R^). Then, for ^ eV{H), 

e'"bl^Uri)'i' = b{^Ue'"'"Tl)e""'i', e""dl^UQ'i' = dl^^{e"^" Qe''"^'. 

(2) Let t, G Then, for ^> e V{H), 

e''^a[^^{^)^ = a[^M"'^y'"'V- 
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(proof) 

We see that 

By taking t' ±00, we obtain (1) . We can prove (2) similarly to (1). ■ 

Since al{^) maps ViH^l^) to D(//ph), it can be proven that a*±^((^) maps V{\H\^^'^) to D{H) in the 
similar way as (|18 | ; Lemma 4.10, Lemma 4. 11). Then by the strong differentiability of e"^^ and 
Lemma [331 we obtain the following lemma. 

Lemma 3.6 

Assume (A.1)-(A.3), (A.5), (A.7) and (A.8). 

(1) Letri, G D{Em)- It follows that on D{H), 

[H, Z.,s,±»(T])] = -b,,±4EMr]), [H, bl^M] = K,±o.{EMri), 
[H, J,,±»(C)] = -^/s,±co(£mC), [H, <±oo(C)] = <±cc(£mO- 

(2) Let t, e p It follows that on 

[H,ar^±„{^)] =-ar,±o.{(0^), =a*±„(W(^). 

Lemma 3.7 

Assume (A.1)-(A.3), (A. 6)- (A.8). Let ^'e be an eigenvector ofH with the eigenvalue E. Then 
(l)forri,^eL^{R'), 

^±cc(t])»P£ = 0, d,^±^iQ^E=0, 

(I) for ^ G V{0)-^/^), 

a„±^{^)^E=0. 

(Proof) 

Let 7] G Co (R^\Oei). We see that 

\Kj{'n)'i'E\\ = \\e''"b,{e-'"'^'n)^Ie-''''WE\\ = \Me-''^^'n)0l'¥E\\. 

Let O = bl (771) • ■■bl{ri„)dl (Ci) • ■■dl ^ Oph G 3^,i{C-{R\0,i))^3^^{V{(o)). By the 

anti-canonical commutation relation, 

\\b,{e-''^"ri)0l^\\ 

< £ I (^.-''^« 77 , T7y)^2 I (77O • • • ^1^) • • • ^ 

7=1 

By (EH ; Theorem XL 19) there exists a constant Fj such that | {e~''^'^^, ^j)^! \ < (jq^^- Hence, we 

have lim,^«. \\I (g)ar{e-"'"^)^\\ = 0. Since %i{C°°{R\Oei))^3^^{V{(o)) is a core ofH, we obtain 

||^s,c>o(t])»F£|| =Ofor 77 GCo(R3\Oei). Since C(7(R3\Oei) is dense in l2(r3) and^^'^^ isabounded 
operator, we can extend for all rj G L^(R^). Thus, we can complete the proof of (1). (2) is proven 
similarly to (1). ■ 
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Let Wg be a ground state of H. We next consider the asymptotic in/out-going Fock space. Let 



in/out-going Fock space by y±„o = 0„,/.m 9"±L'"- Let 

3-"'''"' =^ (^i) • • •a:„(^„)^:, (^71) • --Ki^ddi (d) • • •<,(c,„)^^ei ® ^p^, 

We define the wave operator by W!^'t"' : ff^''''" ^ ^^^r by 

w^d-a:, (d ) • • • (^j^:, (T7i ) • • • (r]/)< (?i ) • • • tnu^,, ® 

:= <,±oc(d) • ■■al^^^U^n)bl,±M ■ • •^:,,±^(77/X,±oo(Ci) • • •K„,±~(Cm)*^'g■ 
By the commutation relations given by Lemma 13.41 and lemma 13.31 W^£''" can be extended to the 
unitary operator from g^'-''"' onto J!^'^". Let VK±oo = ©„,/,,„ W±d''". 

(Proof of Theorem [lUl 

Let 5g I>(a)"'/2)^ /=!,••• tj^- gL2(R3), j = 1, •••,/, and G L2(R3),A: = 1,- • • ,m. By Lemma 

EH 



w^'^o^:, (^i) • • •a:„(^„)^:, (^71) • • •k,('7/)< (Ci) • • •^jCm)^^./ ® ^^^^ 

= /(^-^«(^»W±» a:, (d) • • •a:„(^.)K. (r]i) • ■■bl{m)d;, • • •4„(Cm)^^ei ® ^ph. 
Thus, we obtain w±ooe"^"'>+^°^"^^ = e""W±oo, on J±oc. Then we have Hq + Eq{H) = Wl^H^.j^W±. 



Thus, we obtain o{Hq + Eq{H)) C a(//), and hence [Eq{H), 00) c a(//). On the other hand, it is 
trivial to see o{H) C [Eq{H), 00). Hence, the proof is completed. ■ 



where D denotes the closure of D. We set S^J.^ 



{z^g I z G C}. Let us define the asymptotic 



Then, e" leaves J ±00 invariant, and hence H is reduced by 3"±oo. Then, 



4 Total Charge of Ground States 



It is seen thatfor T],C GL2(r3), 
on:?^,"(L2(R3;C4)). 



bs{^) 



bliv), 



(83) 
(84) 
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Lemma 4. 1 It follows that on 3^ f (L^ (R^ ; C'^ ) ) 

[!2,V^/(x)>r(x)]=0, [!2,w(x)*aV/'(x)]=0, (85) 

for each x E R^. 
(Proof) 

By dill) and ([84l), it is seen that 
and 

[N+XigiAbAg'l'A] = [N+,dMAdAh'i'A]=^- 

We also see that 

[N-,b:{gi^AdAs's'A] = bliglAdAg's'A, [N-,ds{hlAbAg'y.)] = -ds{h[AbAgs'A^ 

and 

[N-,b:{gi^AbAgs'A] = [N-,dM,.)dAh's'A]=^- 
Hence, [N+,yM*yA^)] = [A^-, V^/(x)>/'(x)] = Lv(^:(glx)<'Uy,x) -^^(/^i,x)^.'tey,x)) foU^ws. 



Lemma 4.2 A^'^wme (A./)-(A.J). Then e leaves D{H) onto itself and 

^itQ^iHe-''Q^' =H, (86) 

on V{H). 
(Proof) 

Let ^eVo with »P = (^i) • • • a;, ('li) • • • (^/X (Ci) • • • (Cm)^lei 55 Hph. It is trivial to 

see [go/, Ho] = 0. For <I> G it is seen from Lemma |4~T] that 

{^,[Q(^I,H{]^')= I^^Zii^)i'^, [Q, V^*(x)aVW]®Ay(x)»P)^/x = 0, 
{^,[Q^I,H{m== I ^"(^)^n(y) ^^^ [e,vA*(x)v^(x)vA*(y)vA(y)]®/»P)^/x^y = 0. 

JR3xR3 |X — y| 

Hence, we obtain [2 0/, = 0. Since *P is an analytic vector of Q, we get 

where ad°QH:=H, ad'^H := [Q,ad"Q-^H], n> I. Since Dq is the core of //, we obtain e''e®'f//e-''e®/»j/ = 
T/^Pfor ©(T/). ■ 
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(Proof of Theorem [TJ]| 

From (|72l) and (|73]) it is seen that for »P G !)(//), 



where 



and 



F+(.,p)»P = - ^ a/,, / yi(x)gi,,(p) w(x)®AXx)»Pdx, 
F_(.,p)»P= £ a/, / yi(x)<,(p) VAr(x)C5AXx)Wx, 

[//{i,Z>,(T])]<'(<I>,»F) = /^(<I>,G+(.,p)»F)^^,,Jp, 

[//^I,J,(0]''(<^>,»^') = C(^(<i>,G_(.,p)»p)^,,,^p, 



(87) 
(88) 

(89) 
(90) 

(91) 
(92) 



where 



;:ii(x)zii(y) / / 



R3xR3 |x-y| 



g' (p)p (x) Yi (y) + g' (p) ¥i (x)p (y) / ^/xt/y (93) 



G_(^,P)»I' = I ^n(x)Zii(y) fa (p)p(^)y;(y)+/,/ (p) y;(x)p(y)) ^Idxdy. (94) 
Y-^R^^xRS |x-y| \ / 



Let be the ground state of H. In a manner similar to 11191 . we can obtain the pull-through formula 



\{n'J^(^I)^X= L / \\{H-Eo + EM{p))-'{KiF±{s,p) + KuG±{s,p))^gfdp. 

,. Ll /T'R^ 



S = ±\/2 

It is seen that from (A.3) and (177] ) 



|F+(.,p)»P,|| < £ |a/,||^(p)|||;ti|L.MKL/(£)|£o(//)|+/?/(£))||»I',||, 

j,U' 



v,l 



Then, there exist constants jU+ (5) > and v+ (i') > such that 
\\{H-Eo{H) +Em{p))-' {kiF+{s,p) + KnG+{s,p))^g\\ < {m+{s) + K-nV+(^)) 



Similarly, there exist constants /i_ (s) > and v_ (s) > such that 
WiH-EoiH) +EMip))-' (K-iF_(^,p) + KuG^is,p))^>g\\ < {m-{s) + K-nV_(^)) 



l".i(p) 



V^Mip) 



(95) 

(96) 
(97) 



-11^ II 
.3 ll^gll- 



_K(P) 

\/£'m(p) 



(98) 



.3 II 



(99) 
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Note that T){drf(EM)) C 'D(A^±). By ^ and for sufficiently small Kj and Kn, it follows 
that 

{^>„N^^>,) + {^>„N^^,)<\. (100) 
Now let us consider *Fg € « 7^ 0. Then it follows that 

i^g,N+^,) - i'i'g^N^'i'g) > 1 or {^,,N+^g) - {'i'g,N-^,) < -1- (101) 
But this contradicts (llOOl ). Hence, *Pg G Jq follows. ■ 

Appendix (Uniqueness of Ground States; HI ) 

Let IK be a Hilbert space. We consider an abstract Hilbert space J{ as 

Let 

Xo = K (g> I + Kg) Hpb, 

and 

X{q)=Xo + qX', qeR, 
The operator K satisfies the following conditions: 

(H.l) The operator K is self-adjoint and bounded from below. 

(H.2) X' is a symmetric operator on "K, and there exist constants a > and b > such 
that 

\\X'^\\ < a\\Xo^\\+b\\^>\\, »F G ©(//o). 

(H.3) There exists an operator S{r,k) : J{ ^ IK, k G R^, r = 1,2, such that for »F G 
D(//o), 

(/®a:(/)<I>,X'»F)-(X'<I>,/0a,(/m= / m{^,S{r,kmdk. 

Assume that X(^) =Xo + qX' has aground state ^o(^) : X{q)^o{q) = Eo{X{q))^'o{q). 
(H.4) Let G 1){Xo). Then for / G C~(R3), 5(r,k) in (H.3) satisfies 

j^^7(k) (<J>,e''(^('')-^«(^(''»+^(''))5(r,k)»Fo(^)) t/k G L^([0,oo), dt), 

and/R3||5(r,k)»Fo(^))||2jk<oo. 
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Theorem A.l (fl9l;Theorem 2.9) Assume that (H.l) - (H.4). Let ^o{q) be an arbitrarily ground 
state. Then (a) and (b) are equivalent. 

(a) ^'oiq)eV{mN'J^). 

(b) /r3 \\iXiq)-Eo{X{q)) + (o{k))-'Sir,k)WoiqWdk < oo. 
In particular, if (a) or (b) holds, 




(H.5) (Spectral gap of K) inf a^,, {K)-Eo{K)>0. 

(H.6) Let J{g = keT{X{q)-Eo{X{q))). Then it follows that 
lim sup ^2 £ f \\{Xiq)-Eo{q) + (oik))-'Sir,k)^'oiq)\\^dk/\\^'oiq)\\^=0. 

Theorem A.2 (|Il9J;Theorem 4.2) 

Assume that (H.1) -(H.6). Then there exists a constant ^ > such that for \q\ < q, 

dim ker(X(^) - Eo{Xg)) < dim ker{K - Eo{K)). 
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